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Among the many “moonshine” properties of the monster simple group 
considered recently by Conway and Norton, the Leech lattice and the represen- 
tation of the Conway group .0 which it affords seem to play a particularly central 
role. In this note we show how some of their ideas-those involving so-called 
Frame-shapes--can be put in a somewhat more general context. 
1. FRAME-SHAPES 
We assume to begin with that G is a finite group with A4 a complex G- 
module which affords a rational-valued character of G, call it x. If we 
consider g E G as a matrix acting on A4 then the rationality of x(g) assures 
that if A is an eigenvalue for g then also A” is an eigenvalue whenever n is 
prime to the order of g. It is then clear that we can represent g by its Frame- 
shape 
gr 1412a2 . . . N+/lb@z . . . Nb,, (1.1) 
by which we mean that the eigenvalues of g coincide with the eigenvalues of 
a permutation with cycle decomposition la1 ... N”& with those of a 
permutation 1 bl . . s Nb~ removed. Here we may take N = dim M. 
Setting ji = a, - bi we can rewrite (1.1) as 
gz ljl . . . Njsv. (1.2) 
Note that if g is a permutation then (1.2) is just the cycle of decom- 
position of g. 
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A somewhat more suggestive formulation is as follows: if g has eigen- 
values A, ,..., 2, then det( 1 - tg) = ny’ 1 (1 - fLi), so if g has the Frame- 
shape (1.2) then 
iy 
det( 1 - tg) = n (1 - 6)‘~. (1.3) 
i=l 
Suppose now that f(t) E Z [ [t]], i.e., f(t) is a formal power series with 
integer coefftcients in the indeterminate t. With G and M as above we form, 
for each g E G with Frame-shape (1.2), the subsidiary power series 
f,(t) = r”l f(t’Y”. (l-4) 
i=l 
For each integer l> 0 we have a class function 8, of G defined via 
~9,( g) = coefficient of t’ in f,(t). (1.5) 
We establish two theorems which give sufficient conditions for 0, to be a 
generalized character of G. Namely 
THEOREM 1. Suppose that M is a permutation module. Then each 8, is a 
generalized permutation character, i.e., a Z-linear combination of 
permutation characters. 
THEOREM 2. Suppose that f (t) has constant term 1. Then each 8, is a 
generalized rational character of G. In fact 0, can be written as a polynomial 
in symmetric and exterior powers of x. 
We prove the theorems in Sections 2 and 3. For applications, Theorem 2 
is the more important. Furthermore our proof of Theorem 2 is perhaps as 
interesting as the result itself, establishing as it does some connections with 
the theory of L-rings. The last two sections contain some related results. 
2. A-RINGS AND THE PROOF OF THEOREM 2 
We first recall some notation: for a G-module M we denote the rth 
symmetric and exterior power of A4 by S’(M), nr(M), respectively. 
Now suppose that M affords a rational-valued character of G, and denote 
by R the Grothendieck ring of all such modules. We recall that there is a 
map 1, : R + 1 + tR [ [t]] defined via 
ql4) = c A’(M) t’. 
i->O 
(2.1) 
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Although it is not exactly pertinent here, A, induces the L-ring structure on 
R given by exterior powers. Moreover if we define 
s,(M) = 2: S’(M) t’ (2.2) 
r>O 
then one knows (see, for example, Chapter XVI, Section 8 of [5]) that 
L,(M) s,(M) = 1. (2.3) 
Note that we have explicitly 
II&f) = y (-l)‘/i’(M) t’. (2.4) 
r>O 
Now suppose thatf(t) is as in Theorem 2. One then sees that for I= 0, the 
function 8, of (1.5) is just the principal character of G. Thus if R, is the ring 
of class-functions on G then f(t) induces a map, also denoted by f(t), of 
R + 1 + tR,[ [t]] via 
f(f): Mk-+ x i!l,f’. 
/>O 
(2.5) 
Straightforward arguments, which we omit, establish the following facts: 
f(wf, + MJ = V(UMJl u-ww2)1~ (2.7) 
Equation (2.7) says thatf(t) induces a homomorphism of the additive group 
of R into the multiplicative group 1 + R [ [f]]. After (2.6) and (2.7), Theorem 
2 will be a simple consequence of the fact that iff(f) = 1 - f then the map 
on R which f(t) induces coincides with the map II-, of (2.4). To see this, 
note that iff(f) = 1 - f then (1.3) and (1.4) yield 
f,(f) = det( 1 - fg). (2.8) 
The coefficient of f’ on the right side of (2.8) is just (-1)/a,, where (T, is the 
Zth elementary symmetric polynomial in the eigenvalues of g. But it is well 
known that (T, is the character of g on /1’(M). So the class-function 0, of 
(1.5) is just (-1)//i’(M) in this case (identifying a module with its 
character!), and our assertion holds. 
We have, in effect, proved Theorem 2 in case f(f) = 1 - f. To see it in 
general, the above shows that 1 - tk coincides with II-,, for k 2 1. Moreover 
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by (2.3) we find that iff(t) = (1 - tk))’ then the map (2.5) coincides with 
sIk. But asf(t) has constant term 1 thenf(t) can be formally factored as 
(2.9) 
where nk E Z. Equation (2.7) tells us that the image of M under f(t) is the 
same as that of I~A”~ -(k 7rSyk” where the first product is over those k’s for which 
nk > 0, and the second over the k’s for which nk < 0. In any case it is clear 
from (2.2) and (2.4) that the coefficient of t’ is a polynomial involving 
various S’(M) and Af(M), so Theorem 2 holds. 
Incidentally, if f(t) has product representation (2.9) one easily computes 
that the analogue of (2.8) is 
f,(t) = fi det(1 - tkg)‘k. 
k=l 
We shall look at some examples in Section 4. 
3. P~LYA'S THEOREM AND THE PROOF OF THEOREM 1 
The only difference between Theorems 1 and 2 is that in Theorem 1 f(t) is 
not required to have constant term 1. Now for arbitrary f(t) Theorem 2 is 
false, so we need a different approach. Indeed the previous proof fails 
because f(t) has no convenient factorization such as (2.7) in general. We 
base our proof on the well-known theorem of Polya used in enumerative 
graph theory. This may seem to be fraudulent, but in fact Polya’s theorem 
actually contains the germs of the construction of just the characters that we 
need. We refer the reader to [ I] for an introduction to Polya’s theorem. 
Let G be a finite group of permutations of a set D of cardinality N, 
together with N independent indeterminates y,,...,y,. Then one defines the 
cycle index 
(3.1) 
Here, the sum runs over the elements g = 1’1 .a. Nj” of G. 
Polya’s theorem involves a second finite set R together’ with a 
commutative ring A, and a weight function w: R + A assigning to each r E R 
a weight w(r) E A. 
‘In the present context it is hardly necessary to introduce both R and A, but to be 
consistent with [ 1 ] we do so. 
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Let Csr be the set of all functions f : D + R. Then G acts on ST in the 
obvious way, and we let B be the set of orbits of G on jr. To each fe .F 
we assign the weight 
w-> = n W(4)* 
dcD 
(3.2) 
Evidently if FE d then w(f) is the same for all fE F, and we denote the 
common value by w(F). 
Finally, we denote by [(G, w) the element obtained by replacing each yi in 
(3.1) by Cra We. Polya’s theorem asserts that 
QG, w) = K‘ w(F). 
FG 
(3.3) 
Our results require a modification of (3.3). For a power series 
f(t) E Z [ [t]] we define 
(3.4) 
that is, we obtain C(G,f) f rom (3.1) by replacing each yi byf(t’). Everything 
that follows depends upon establishing the following result: 
LEMMA (3.5). i(G,f)E Z[[tl]. 
Proof: It is clear that [(G,f) has rational coefficients, so it is enough to 
show that they are also algebraic integers. 
Fix a positive integer d. We shall show that the first d coefficients of 
QG,f) are algebraic integers, and for this we may assume that f is a 
polynomial of degree at most d - 1. We will then be done upon establishing 
that for some suitable integer b there are elements gk(f) E C [t], 1 < k < b, 
with the following properties: 
gk(t) has algebraic integer coefficients, l<k<b, (3-e) 
z, gkWe =f(f>, 1 < e < N. (3.7) 
Indeed, suppose that the existence of the gk)s is established. We may then 
take R to have size b and attach to the elements rk E R the weights 
w(r,J = g,, 1 < k < b. Since w(F) is defined by (3.2) forfE F E @ it is then 
clear that the right-hand side of (3.3) has algebraic integer coefficients. 
Moreover, from (3.7) the left-hand side of (3.3) is <(G,f), and we are done. 
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As for the gk’s, if we can establish their existence for any polynomial of 
the form At’, J E L, then corresponding to Cf.t’ we simply take all g,‘s 
corresponding to all terms. Moreover, if g, ,..., g, satisfy (3.6), (3.7) in case 
f(t) =fi E Z, then clearly t’g ,,..., t’g, have the required properties for fi t’. 
Nowiff(t)=fiEL andJ>O,wejusttakeb=&andg,=...=g,=l. 
This reduces us to the case f(t) =fi E Z, fi < 0. It is clearly enough to 
consider the case f. = - 1. 
Finally, then, assume f(t) = -1. We choose a rational integer p satisfying 
p > N, with 1 a primitive pth root of unity, and take b =p - 1 and 
gk(t) = Ak, 1 < k < b. Then certainly each Ak is an algebraic integer, so (3.6) 
holds. Moreover, for u < N < p it is an elementary result that ~~~~ lUk = 0. 
This is precisely (3.7), so the lemma is established. 
We now turn to the proof of Theorem 1, so let f(t) E Z [ [t]] be as above. 
A comparison of (1.4) and (3.4) shows that the coefficient of x’ in [(GJ) is 
precisely 
l )‘ h(g), - 
IGI ii %EG 
(3.8) 
so by (3.8) and (3.5) we get 
(63 lG)G E Lo 12 0. (3.9) 
Now as M is a permutation module we may forget about M and regard G 
as a subgroup of CN, where N = dim M. This assumes that G is faithfully 
represented on M, but it is evidently no loss to do so. Next, if we can prove 
Theorem 1 for CN itself then the result follows for G by restriction. Hence, 
we may and shall assume that G = C,,, acting in its usual representation of 
degree N. Now all generalized characters of CN are generalized permutation 
characters, so it suffices to show that 8, is a generalized character of 2,. Let 
Y be an irreducible character of C,,,. Then Y = xi a, 1si for some ai E L, 
Hi<C,, so in order to show that (e,, !?)Z,+ E Z it suffices to establish that 
(0,, ls.)r E L. By Frobenius reciprocity this is the same as (19,, l,),,E Z, 
and this% a consequence of (3.9), which holds for all groups. This cdndludes 
the proof of Theorem 1. 
It is an amusing observation that we can interpret [(G,f) as a Poincare 
polynomial. Namely, if 8, is the character of a virtual QG-module M, and 
My is the space of G-invariants then one knows that dim My = (t9,, 1 G)G. So 
by (3.8) we see that 
[(GJ) = 2: (dim My) t’. 
120 
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4. DEDEKIND'S ~-FUNCTION AND FAKE MONSTROUS MODULES 
We return to the considerations of Section 2. It is convenient to forget 
about the irrational part of the q-function and set 
q(r) = yl (1 - tk). 
k-l 
(4.1) 
It is because of the occurrence of a(t) in [2] that we are interested in it. 
Now n(t) is simply that function whose product representation (2.7) has all 
nk = 1. The discussion following Eq. (2.7) shows that v induces a map 
q(t): R + 1 + fR [ [t]] given by 
~(t):M~ fi x (-l)‘/i’(M) P. 
k=l r>O 
(4.2) 
This does not appear to be very appealing, but we shall see that it is not so 
bad. Also of interest is the image of M under the power series v(t)-‘; in this 
case we get 
q(t)-‘:MH fi c S’(M)fk’. 
k=l r>O 
(4.3) 
In fact the image of M under q(t)-’ is a thinly disguised version of a 
module which plays a role in [4]. To explain this more fully we must first 
show how to define the functors A’ and S’ on elements of R [ [t]]. 
For a rational-valued G-module it4 we set 
A ‘(Mtk) = tk’A ‘(M), A’(-M) = (-l)‘/i’(M) 
S’(Mtk) = tkrsykq, S’(-M) = (-l)‘?/(M). 
(4.4) 
Here, of course, -M is to be regarded as the additive inverse of it4, itself 
regarded as an element of R. Now if P(t) = C,aoM,t’ E R[ [t]] then 
P(t) = MO + Q(f) with the obvious notation, and we define ~I’(p(t)) induc- 
tively using (4.4) and the rule 
A’(Mo + Q(t)) = i A”(A4,)A’-“(Q(t)). 
s=o 
Similarly for S’. Finally, we define 
(4.5) 
(4.6) 
S(lqt)) = c S’(P(C)). 
r>O 
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What this amounts to is nothing more than constructing symmetric and 
exterior algebras (possibly of virtual modules) using powers of t to keep 
track of the grading. Thus if M is as before we find that 
and we obtain the usual exterior and symmetric algebras based on M by 
setting t = 1 and thinking of the summations as direct sums of modules. 
The point here is that if we set 
V(t) = v= 1 Mt’ 
1>’ 
(4.8) 
then the right side of (4.3) can simply be written as S(V), the symmetric 
algebra of the “module” of (4.8). This is the module which appears in 
Section 6 of [4]. 
For the purposes of [6] the image of M under r(t) is of more interest. 
Here we find that 
q(t):Ml+A(-V). (4.9) 
That (4.8) and (4.9) are restatements of (4.3) and (4.2) is just a formal 
manipulation using (4.4) and (4.5); we omit the proofs. 
A sequence of “fake” monstrous modules can easily be constructed as 
follows: take G to be the (perfect, nonsimple) Conway group .O, M the 
rational G-module induced by the Leech lattice L. As L is an even lattice we 
can define for each integer it > 0 a permutation module L, of G where the 
elements x E L satisfying (x, x) = 2n comprise a basis of L,. Now define 
J(t)=f j ;oL"P/ .S(V) (4.10) 
where V is as in (4.8). Note that J(t) is not a power series as its “Laurent” 
series begins with t-‘; this is called for because of the following 
considerations. If we trace back through the various definitions we find that 
Evidently if g E G then the character of g on L, = number of elements of L, 
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fixed by g, so if J,(t) denotes the Laurent series with coefficients the 
character of g on the corresponding modules of (4.10) we find that 
J,(t) = @&>/w,(0. (4.11) 
Here B,(t) is the theta-function of the sublattice of fixed-points of g. 
Moreover as dim A4 = 24 the denominator of (4.11) is, up to a constant, a 
product of true v-functions. The series (4.11) is important to the development 
of [2], and if t is suitably interpreted then J,(t) is a Hauptmodul. 
We emphasize that the sequence (4.11) is also constructed in [4]. If there 
is an advantage to our approach it is that it is free from considerations 
involving Lie groups. 
5. ADDENDUM TO THEOREM 2 
We wish to consider the possibility of extending Theorem 2 to the case 
that f(t) has constant term -1. In view of remarks in Section 3 this essen- 
tially reduces to the case that f(t) = - 1. So we are led to studying the class 
function g E-+ (-l)‘jl where g has Frame-shape (1.2). We wish to record 
LEMMA (5.1). Suppose that M is a rational G-module. Then the class- 
function g ++ (-l)“ji above is a (generalized) rational character of G. In fact 
it is the character (-l)dimM det g. 
Prooj It is enough to show that, with the notation of (1.2), we have 
(-l)‘ji = (-l)dimM det g. (5.2) 
Now it is readily verified that a permutation x consisting of a single cycle 
of length n is such that det x = (-l)“- ‘. Thus if g has the Frame-shape (1.2) 
then 
&t g = (-l)ZjA- 1). (5.3) 
Since dim M = Cij; we see immediately that (5.3) implies (5.2) as required. 
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